The fact that the incoherent backscatter spectrum narrows when the radar beam is nearly perpendicular to the magnetic field is well known and has been used at Jicamarca for more than 30 years to measure very accurate line-of-sight velocities. Recently it has become clear that these spectra are narrower than expected. We have explained this effect and also the small change to the spectral shape required at somewhat larger angles to correct the ratio of electron to ion temperature seen in some studies. Coulomb collisions affecting the motion of the electrons are responsible for the additional spectral narrowing. We have carried out very accurate simulations of electron motion resulting in incoherent scatter spectra which are qualitatively similar to spectra resulting from other types of collisions, and to those predicted in an analytic solution for the Coulomb case [Woodman(1967) ]. However, we found that the spectrum of the velocity time series in the radar line of sight departs significantly from the nearly Lorentzian form expected with simple collisional models. This causes the collisional effects to extend to somewhat shorter scale lengths, or further from perpendicular to the magnetic field than expected. In order to investigate the collisional process more closely, we performed another simulation combining the effects of electron-ion collisions and a simple friction model (Langevin equation) in an adjustable combination. This one showed that the effect of electron-ion collisions alone would result in collisional effects extending several degrees farther from perpendicular to the field than when both kinds of collisions are included. Collisions affecting the speed of the electrons tend to limit the size of the effect at larger angles from perpendicular. Thus the effect of these collisions on the incoherent scatter spectrum cannot be accurately predicted from simple models but depends on the detailed physics of the collisions.
Introduction
Recent efforts to derive temperatures from incoherent backscatter spectra collected at the Jicamarca Radio Observatory over part of the range of pointing angles to the magnetic field have encountered difficulties in obtaining realistic values. Previous studies have pointed out an apparent discrepancy between electron temperatures measured at Jicamarca and using probes on satellites, suggesting that the radar temperatures are somewhat low [Hanson et al.(1969) Hanson, Brace, Dyson, and McClure, McClure et al.(1973) McClure, et al., e.g.,] . More recently, it has been determined that it is necessary to point at angles of at least R to obtain the higher "reasonable" temperatures [e.g., Pingree, 1990; D. Hysell, private communication, 1996; E. Kudeki, private communication, 1997] . ] presented autocorrelation functions (ACFs) taken at several angles to the field in his thermal balance work, and he showed that the apparent ratio of electron temperature to ion temperature varies with the angle to the field for angles close to perpendicular. In summary, previous studies have found that spectra taken about T from perpendicular to the field apparently give the correct temperatures, but spectra measured at smaller angles do not.
In this paper we explain the problems with the Jicamarca spectra. We show that Coulomb collisions affecting the motion of the electrons are responsible for the observed discrepancies. This surprising effect on the spectra results from three factors, all of which require that the radar look nearly perpendicular to the field. First, the motion of the electrons is confined to helixes along the field line, and the radius of the helix (typically 0.1 m) is smaller than the radar wavelength (6 m for the Jicamarca radar). As the direction approaches perpendicularity, an electron must move a very long distance before the phase of the scattered signal changes significantly; thus any contribution to the spectrum relating directly to the motion of the electrons narrows near perpendicularity. Second, the contribution from the ions does not narrow significantly because the ions move with a helix with a much larger radius. The result of these two factors is that the electron motion determines the width near perpendicularity; the physical explanation is that the electrons can shield the ions only by moving along the field lines.
The third factor is a direct consequence of the first. Since the electrons must move so far before the phase of the scattered signal changes, there is greater opportunity for something else to affect the electron's motion than if the radar were looking nearly parallel to the field, when the phase would change significantly in a fraction of a radar wavelength. It is the random interactions with ions and other electrons located within a Debye length, and resulting from the Coulomb force, that affects the motion. Of course, these interactions are always important; they are what establish the MaxwellBoltzmann (MB) probability density function (pdf). However, when the radar looks closer to parallel to the magnetic field or has a short wavelength, the effect of the Coloumb collisions is not visible on the backscatter spectrum.
[ Farley(1964) ] described how Coulomb collisions could destroy the ion gyrofrequency resonances in the incoherent scatter (IS) spectrum. Later, [Woodman(1967) ] considered the effects of Coulomb collisions on both ions and electrons, but his primary application was to the ions, in particular the damping of the ion gyroresonances. The effect on the electrons is a new application, which he did not fully explore. [Jasperse and Basu(1987)] presented an analytic solution of the problem, but they did not predict the narrowing of the ion line spectrum that is seen in observations. In the past several independent methods have been used by various investigators in order to verify the correctness of various aspects of incoherent backscatter theory. This is useful in this case as well, and so we model the incoherent spectrum with Coulomb collisions in a novel way: we simulate the motion of a single electron and then compute the resulting scatter. The strength of this method is that we can model any collisional force very accurately; its weakness is that it is not fast enough for computing spectra for direct comparison to data by means of nonlinear least squares fitting. Our intent was first to compute very accurate spectra by representing the collisional process as exactly as possible, and second to explore the effects on the spectra of certain approximate models.
In the next section we consider the incoherent scatter spectrum in some detail and show how the simulation can provide the one necessary component in the equation for the spectrum. We use the work of [Hagfors and Brockelman(1971) ] to justify the single electron representation. The first important point is that the electron fluctuations can be treated independently of the ion fluctuations even though they are bound together by the Coulomb force. The second important point is that the electrons, when considered by themselves, are randomly located with no correlations in their positions. This means that the powers from the many electrons add, and so the average behavior of a single one is all that is needed. We need only simulate the motion of an electron under the influence of the random Coulomb forces in order to calculate the incoherent scatter.
We present the results for various angles to the magnetic field which explain the observed widths of the spectra. However, we need to know more about how the physics of the Coulomb collisions affects the spectrum in order to find a faster way to calculate the spectra for the analysis of radar data. For example, could we just consider electronion collisions, or perhaps use a much simpler collisional model? The complexities of Coulomb collisions can lead to surprising effects. For example, when one calculates the resistivity of a fully ionized plasma, it would at first seem that only electron-ion collisions are important since it is the transfer of momentum from the electrons to the ions that matters, and electron-electron collisions surely cannot affect the total momentum of the electrons. However, they do have an indirect effect by coupling the faster electrons, which carry most of the current, to the slower ones, resulting in an increase of the drag on the faster ones. The result is an indirect increase of the collisional coupling to the ions. We show that a similar indirect effect affects the incoherent scatter spectrum; although both electron-electron and electron-ion collisions affect the spectrum individually, their combined effect is different from what one might expect because the momentum change depends strongly on the speed of the particles, and only the former can alter the speed quickly. We have constructed a simulation program that allows the levels of the different kinds of damping to be adjusted in order to show this effect.
The reader might wonder about the relationship between the simulations performed in this paper and the Fokker-Plank equation, which is a version of the Boltzman equation useful for long-range interparticle forces. It is a differential equation involving various derivatives of the velocity. These quantities, the diffusion coefficients, are the same quantities that we use in the simulation. That is the only relationship; our simulation uses these quantities with no further approximation, except for the finite size time steps needed for the computation.
The effects of collisions in a magnetized plasma can be quite complicated. As shown in the following sections, we have been able to avoid these complications because of the strong field approximation and the small Debye length in the F region. However, the Coulomb collisions provide sufficient complications alone.
Incoherent Backscatter Spectrum
A very general form of the incoherent scatter spectrum is given by equation (20) of [Swartz and Farley(1979) ]. This paper is the last in a series [Dougherty and Farley, 1960, 1963; Farley et al., 1961; Farley, 1966; Swartz and Farley, 1979] 
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The above quantities take on the appropriate subscript (j or e) as required to label one of the ions in the plasma or the electrons. Variable has units of time, and thus all four of the above definitions are unitless. Caution should be used with the third definition in the set of four above because the collision frequency # is in inverse seconds rather than rad/s.
Assume that there are no collisions and consider y for electrons where the high field approximation applies (small gyroradius). Then t becomes equation 7.4 from [Farley et al.(1961) Farley, Dougherty, and y a i C tX
The 3 in the denominator of the first factor of (1) causes an apparent singularity at 3 a H. It is convenient to work with a form of the equations in which this singularity has been removed. For the case with high field and no collisions we have e@yA a e@tA a 3e@tAX
If we assume that the drift velocities are zero, then we obtain '@3 H C 3Ad3 a xr P e d3 % t is a complex quantity, but of a special kind such that its imaginary part is determined by its real part. One can see this from (3) or more easily from (4); both are onesided Fourier transforms. If one folds the argument of the transform, HXPSt HP os P in the simple case, about the origin to obtain a symmetrical function and takes the ordinary two-sided transform, one obtains a spectrum which is equal to Pe@tA and is real. Thus if we can compute e@tA by simulating the motion of a the plasma component, in our case the electrons, then we can find t e from its real part by means of two transforms. [Hagfors and Brockelman(1971) ] showed how to compute the contribution to the incoherent scatter spectrum of a plasma component by considering the random walk of a single charged particle in the absence of the interaction (or shielding) field. Their application was to the collisions of ions with neutral particles, and they considered various models of this interaction. However, their result applies equally well to any plasma component and any interaction. (9) describes the location of the particle in phase space. The magnetic field is not included in g@kY 3A; recently, T. Hagfors (private communication, 1998) has modified g@kY 3A so that it does, and so it has become a version of the Gordeyev integral which includes collisional forces of any type. Equation (2) shows a complicated relationship between t and y because of the use of the Bhatnagar-Gross-Krook (BGK) collisional model [Swartz and Farley(1979) , ]. The complication results from the addition of a term to compensate for the loss of particles resulting from a simple relaxation term. [Hagfors and Brockelman(1971) ] derive two cases, Brownian motion and hard body collisions, neither of which requires such correction. Those two derivations are analytic equivalents, each for a different collisional force, of the numerical simulation presented in this paper. Note that Brownian motion is described by Langevin's equation, and that the results of [Hagfors and Brockelman(1971) ] for this force are very similar to the BGK results. We compare some of our results to those using Langevin's equation also.
In the simulations described below we constructed a differential equation from the collisional forces containing an appropriate random driver. Solving for the velocity and integrating gave the path of the electron. Then we took the complex exponential to get a complex voltage (like the receiver signal in an experiment) and found the sample power spectrum of the resulting time series using fast Fourier transforms. The simulation ran for a long enough time so that all velocities with significant probability were sampled frequently. Alternatively, we could have used many electrons with random initial locations, following each one only long enough so that effects due to the length of the Fourier transform would be negligible.
Effect of Coulomb Collisions on the Electron Motion
The thermal energy of the plasma supports independent spatial charge fluctuations of the ions and electrons on scales smaller than the Debye length. The effects of the resulting electrostatic forces on either an electron or an ion are called Coulomb collisions. The electron-ion interaction is somewhat simpler and we look at it first.
Electron-ion Coulomb collisions change the direction of the velocity of the electron without affecting its magnitude significantly on the timescale relevant to the incoherent scatter spectrum because of the large mass difference. Therefore they cause an acceleration perpendicular to the velocity of the electron. From equation 11.11 of [Goldston and Rutherford(1995) ], the change in the perpendicular velocity is described by this relationship: and v is the speed of the electron. The interpretation of this possibly confusing definition is as follows: if one multiplies the coefficient by a small time ¡t, then the resulting number is the expected value of the square of a velocity change. This velocity change is measured perpendicular to the initial velocity of an electron moving with speed v.
The expected value of the square changes linearly with time because the many small interactions are random in their effects. The tip of velocity vector v moves randomly over the surface of a sphere of constant radius.
As the electron velocity continues to change perpendicular to its instantaneous direction, the parallel component (measured in the initial direction) also changes. Ignoring terms fourth order and higher, [Goldston and Rutherford(1995) ] obtain their equation 11.14:
For collisions with an infinitely heavy particle, this parallel component is determined
c which is constant. The same is not true for electron-electron collisions.
In a later section we simulate the motion of electrons under the influence of the Coulomb force. Given the current velocity, we must compute the velocity at a small (but finite) time step later. For electron-ion collisions, the velocities at various times lie on the surface of a sphere. We can think of two perpendicular unit vectors located at the tip of the current velocity vector on this surface. These define the directions of the components of the random perpendicular velocity change. Since this change is caused by many very small interactions within the Debye sphere, these two components are independent and Gaussian. The expected value of the sum of their squares is a variance, and in the limit in which the time step approaches zero, this is the same as the perpendicular coefficient defined above. Thus we have a random walk on the surface of a sphere. We decide whether we use many small steps or a few large ones on the basis of how often we need samples of the process; the random walk is accurate with any size step. Note that the two perpendicular unit vectors can be rotated arbitrarily about v and that the rotation can change from one time step to the next as long as the random changes associated with each time step are independent. This independence is assured since the locations of the particles within the Debye sphere change in a very short time.
The significance of the effect of electron-ion collisions on scatter from the F region over the Jicamarca radar is computed approximately as follows. Suppose that we have e a IHHH K and n i a IH IP m Q . Let the radar frequency be 50 MHz and so ! is 6 m; for a typical particle speed we take p Quam e a PXIQ ¢ IH S m/s, and ln £ is approximately 14. We compute dh@¡v c A P iadt from (10), multiply by a small time interval, IH T s, and take the square root. This gives about 10,000 m/s, which is small compared to the thermal speed. A thousand of these intervals is 1 ms, which is approximately the inverse of the width of the incoherent scatter spectrum from the Jicamarca radar. The electron does a random walk to an expected value of about IHHHH p IHHH % Q¢IH S m/s. This is a significant change, and so the electron does not move in a constant-pitch helix about the field line on the spectral timescale. We conclude that the effect of Coulomb collisions is important. Note that if we do a single step of 1 ms, we get the same result, as expected.
Equation (10) defines the variance of a random process while (12) defines the mean of a related random process. Two paragraphs ago we described a method of performing a simulation for electron-ion collisions using a different coordinate system than the one in which the coefficients are defined. In doing so we are defining a new random process, and in general one must apply probability theory in order to derive the properties of a new random process which is the function of one or more others. As it turns out, the spherical representation is convenient even for electron-electron collisions in which case the magnitude of the velocity is not constant. We show why this is so later. In that case it is necessary to be more careful with the random variable transformations so that the correct variances are used in the simulation.
It is convenient at this point to summarize the geometry of backscatter at the Jicamarca radar and show how the collisions fit in. This is done in Figure 1 which has four important points. First, we see that the closer the radar beam is to perpendicular to the magnetic field, the farther an electron must move in order to affect the phase of the radar signal. The spectrum then becomes narrow enough so that collisional forces become important. Second, Coulomb collisions operate only within a Debye length (approximately 0.002 m). This length is small compared to the gyroradius (typically 0.1 m), and so the electron path is nearly straight within the Debye sphere. This means that the collision process does not know about the magnetic field, and so the field need not be considered in calculating the effect of collisions on the electron velocity. Third, the gyroradius is small compared to a radar wavelength. This means that the only component that can affect the phase is that along the field; the others never result in any significant distance traveled. It is the projection of the parallel component along the radar line of sight that results in phase change in the signal. The random nature of this component determines the IS spectrum. Finally, we note that the component of the collisional force along the magnetic field would vary as the electron gyrates around the field line for some nonisotropic forces. The Coulomb collisional force is not isotropic, but it has an axis of symmetry in the direction of motion, and so the component along f does not vary.
As an illustration and summary of these ideas, we state the following relationship: If we have a radar at angle from perpendicular to the field with wavelength !, e@t e A is the same as that from a radar looking along the field with a wavelength !a os . This is true because the Doppler shift of the scatter from an electron is the same in both cases, and the spectrum can be found from the motion of a single electron. This relationship does not hold for the incoherent scatter spectrum, which cannot be determined from a single electron, because the correlation between the electrons is important. However, for e@t e A we see that the increase of the effects of collisions as the viewing angle approaches perpendicular to the field is equivalent to that which occurs when the radar wavelength is increased. This second effect is the more familiar The closer a is to 90 0 , the farther the electron must move to affect the phase of the radar signal.
The small size of the Debye sphere means that the electron has very small curvature on that scale.
1.) 2.)
Conclusion: the collision process does not know about the magnetic field.
Conclusion: the spectrum is narrower and so collisions affect the spectral shape more.
3.)
4.)
If the gyroradius is small compared to a radar wavelength, then the gyromotion does not affect the phase of the radar signal.
Conclusion: The electron effectively moves like a "bead on a wire". Only the velocity component along the field matters. The random nature of this component determines the spectrum.
The direction of the velocity vector is an axis of symmetry for the Coulomb collisional force. Since the gyromotion causes the velocity vector to rotate about the direction of B, the component of the force in that direction is unchanged by the gyromotion. v Conclusion: The magnetic field does not change the component of motion that affects the radar signal phase, and thus can be ignored except for setting the scale of the radar signal phase change as described above. one; the probability of significantly deflecting an electron increases as the path length increases, and the longer wavelength, the longer the path must remain undeflected for there to be no collisional effect on the spectrum. Now we consider the effects of Coulomb effects more generally since electronelectron as well as electron-ion collisions are important. There is no easy way to derive these more general diffusion coefficients. However, they have been computed, and the following forms are accurate for speeds up to several times the thermal speed, although not for a population of very fast electrons, which is of no concern here. The coefficients for either electron-electron or electron-ion collisions are [Chandrasekhar(1942) , Spitzer(1962) e h differs from the definition of [Spitzer(1962) ] only in that the units have been changed from cgs to MKS. Also l P f a m f aPk ; f designates the field particles, the ones being collided with, either e for electron or i for ion, while m e refers to the test particle which is always an electron. We have assumed that all species have a charge number of 1. Finally, q@xA a 0@xA x0 H @xA Px P
where 0@xA a P % I P
x H e y P dy
is the error function. Note that the coefficients for electron-ion collisions have a simple very accurate approximate form obtained by letting m f go to infinity; then they are the same as (10) and (12). It does not really make any difference whether or not one uses the approximate form if one calculates the coefficients ahead of the main calculation and stores them in an array, as we have done, because it is the latter calculation that takes nearly all the time. Figure 2 shows the four functions derived from the diffusion coefficients for electronelectron collisions for 1000 K. The coefficients themselves are derivatives; we have multiplied by a time increment, ¡t a IH S s, in order to show velocity changes. The parallel and perpendicular variances and the parallel mean are from the reference, the coefficient with v (no subscript) is for jvj; it is derived from the others. It is discussed in the next section. The diffusion coefficients are a strong function of the electron speed; note that the parallel mean is a negative quantity; when a particle is diverted from its initial direction the velocity component in that direction typically decreases initially. Figure 3 shows functions for electron-ion collisions; they are similar to the ones shown in Figure 2 for the electron-electron case. In the ion case r dh@¡v c A P i dt ¡t is much larger than for the electron case at low speeds, and somewhat larger near the thermal velocity, and thus it is the ion collisions that provide most of the turning force. 
Using the Diffusion Coefficients in a Simulation of the Electron Velocity
The first step in simulating the e@t e A is to use the diffusion coefficients to make a sequence of velocity increments for each component of the velocity vector; these sequences form random processes that are functions of time. The integrals of these processes are new processes which are the components of the electron velocity. Processes that are integrals of other processes are complicated and have surprising properties. For example, the integral of a Gaussian process is not in general Gaussian unless all the random variables at different times are independent. The processes associated with the simulation are in general correlated over some time interval, and so the resulting probability density functions are not in general Gaussian. Since the form of the pdf depends on the computation, a comparison of the resulting sample pdf with the expected pdf provides a good check on the accuracy of the simulation.
The coefficients vary with the amplitude v of the electron velocity, and so the time steps in the simulation must be small enough so that the values of coefficients at the end of the step are not very different from those at the beginning. The simulated v@tA is approximate, but we can make the results as accurate as necessary by controlling the step size. When v is small the coefficients are much larger than when v is large, and so we must vary the step size with v in order to make the computations accurate when v is small, but efficient when v is large. However, we must choose the coordinate system carefully to get both efficiency and accuracy overall. There are various possible coordinate systems in which to perform the simulation. The path of the electron needs to be in rectangular coordinates for the radar line of sight, and so we must certainly finish in rectangular coordinates. However, the Coulomb collisional force is symmetrical about the direction of the velocity, and it is better to use a system which takes advantage of this. The problem with working with the parallelperpendicular system in which the coefficients are given is that at low speeds the accuracy is very bad unless the time steps are extremely small. Figure 4 shows what happens for electron-ion collisions, which do not change v significantly. Suppose that when v is near the thermal velocity we choose a time step so that the change of the direction of v is small. This situation is shown in the left part of the figure; the tip of the new vector remains nearly on the surface of the sphere, and the change in direction is accurate. If v is smaller, as shown in the right part of the figure, the error becomes large because of two factors. First, the smaller size of the sphere means that the error would increase even with the same coefficient, but second, the coefficient is much larger for smaller v. Thus the time interval would have to decrease very quickly with decreasing v to keep the errors small. When a particle moves at a small fraction of the thermal speed, the closest charges randomize its direction in a very short time. When using the perpendicular-parallel coefficients, we must divide this small interval into many smaller intervals and follow the velocity around the sphere one small step at a time. The solution to this problem is to work in spherical coordinates using a random walk on the surface of a sphere as we described earlier. The perpendicular coefficient defines the angular motion on the surface of the sphere, and a single large step is statistically equivalent to many small steps; a single step can even orbit the sphere many v is large and the coefficient is small is an excellent approximation. (right) When v is small and thus the coefficient is large, the approximation is very poor with a large change in v and an incorrect direction. (bottom) What happens when using spherical coordinates. A large step has the same expected value as several small steps, and so very small steps are not necessary.
times. Thus we do not have to perform many calculations merely to get a random result. When electron-electron collisions are involved, both the direction and speed change in each step, and the steps must be small enough so that the coefficients do not change significantly. Below we see that we still need a variable time step to assure this. However, the size of the time step is not so critical.
We now look at the parallel coefficients in detail. The random process describing the parallel velocity change, ¡t dh¡v k iadt, has a non-zero mean unlike the perpendicular process. Therefore the other parallel coefficient, p ¡t dh@¡v k A P iadt, might be affected by the mean and not only by the variance as is the corresponding perpendicular process. It is not because the coefficient is a time derivative. A change in v k in a time ¡t is the sum of a term due to the mean that depends on ¡t and a random term that depends on p ¡t. If we square ¡v k and let ¡t approach zero, the two terms involving the mean go to zero.
Now we look at the role dh¡v k iadt plays in the establishing the Maxwell-Boltzmann distribution. It is never positive, and so it might seem that it can only decrease the speed of the electron. However, there is a component of dh¡v k iadt which results from the perpendicular change. We discussed this above for the approximate treatment of the electron-ion collisions; this was a geometric argument which applies equally here, and so we can find the part of dh¡v k iadt which is due to the change in the velocity amplitude by subtracting the part due to the perpendicular change. That is,
giving the change in v. This coefficient is shown in Figure 2 . It is very positive at low speeds and crosses zero near the thermal speed, meaning that a fast electron will slow, and a slow electron will speed up, exactly as it should. Later we will see that this new coefficient does reproduce the Maxwell-Boltzmann distribution with good accuracy. Since we are making a new random process which is the linear combination of two others, we must also find a variance for the new process which is the sum of the variance for the parallel process and a correction depending on the mean. Since the second term is multiplied by ¡t P , it is negligible, and so we can use the parallel variance without correction.
In order to make the random samples for the simulation, we need the probability density function for p ¡t dh¡viadt. Since v is a positive quantity, ¡v cannot be Gaussian; in fact, it turns out that the process has a different density function for each v, much like the family of 1 functions for the square root of the sum of squared Gaussian variables. The difference is that in this case we are not dealing with a discrete sum. However, it is too complicated to generate random samples for this series of density functions, but it is easy to generate Gaussian random numbers, and a Gaussian approximates any of these pdfs. Thus we must use a ¡t that is small enough so that the approximation is good. The criterion used is that the probability of getting a negative v must be very small, of the order of IH IT . For large velocities ¡t can be large, say ¡t a IH S s; the upper limit is set by the bandwidth of the e@t e A; we need to sample frequently enough so that it is accurately reproduced. At small velocities it must be much smaller; values as small as P ¢ IH IH are used. An electron does not spend much time there, and so the computation time spent with these very small increments is reasonable. We note that an argument similar to the one in the previous paragraph shows that the parallel process is also approximately Gaussian. Thus the mean and variance are the only moments required to characterize it, and thus no higher order moments are needed to describe the diffusion coefficients.
We have not yet considered how to combine the electron-ion and electron-electron coefficients so that the simulation has the effects of both. The electron-ion collisions do not change the amplitude significantly, and so no combination is necessary. The two perpendicular processes are independent since shielding does not occur inside the Debye sphere. Thus the perpendicular variances add.
Simulation
The simulation begins with the rectangular components of the initial value of v, randomly selected from the thermal distribution. The program converts to the spherical representation and computes the next value of v. The time interval used depends on v and might be very small. The output of the simulation is a set of uniformly spaced points with ¡t a IH S s. The actual number of points computed before we reach ¡t might be large because the time increment at a given stage in the process might be very small. However, we arrange our increments as we approach our basic sampling interval ¡t so that we produce a value right on it. The calculation proceeds in this way until n fft (typically 4096) points have been saved, and the last point is saved as an initial value for the next step while n fft points are used for the first spectral estimate. The rectangular components are computed for the 4096 points.
The integral of the velocity gives the electron path which goes into the complex exponential along with the radar k as in (8). This result is used to produce a spectral estimate using a fast Fourier transform. This operation repeats typically a few thousand times until a very accurate spectral estimate has been accumulated. We stated earlier that integrals of random processes have somewhat surprising properties. The simulation for v is such a case; the steps are Gaussian, and one would expect without reason to the contrary that summing up many steps would give a Gaussian process. However, we know that it cannot be in this case if the simulation is correct because the resulting process must be Maxwell-Boltzman. The answer to this apparent contradiction is that the steps in the sum are correlated, and the correlation determines the pdf of the resulting process. Thus if we have made an error in the simulation, we do not expect to get the correct pdf. In fact, it is extraordinarily unlikely that a MB pdf corresponding to the correct temperature would result from an incorrect simulation, and so the pdf is a very good test. Figure 5 shows the results of a test simulation involving about IH V numbers. The solid line is an MB pdf for 1000 K, while the circles are the simulation results. The results are slightly in error in the region near the peak. However, additional tests with larger time steps, which produce larger errors, have shown that errors in the pdf of such size do not affect the resulting spectra significantly.
We tested the directional part of the simulation in the following way. The first step was to make ¡v j equal to zero by replacing the amplitude coefficients with zero. Then the initial v did not change and so ¡v j was the result of directional changes only. The simulation ran for several thousand steps, yielding as a result an average ¡v. By varying the initial v, we obtained a set of averages which agreed with the perpendicular coefficient. The final test required that the simulation be run in its normal mode and then with a smaller time increment. A comparison of the result showed that the original time step was small enough.
Results and Discussion
The simulated path of an electron along the radar line of sight is shown in Figure 6 . The dark line is 40.96 ms long, and each 2.56 ms long section of this line is shown as a lighter line on an expanded timescale. The lines are typically not straight on a 1 ms timescale, but at 0.1 ms they are. This is in agreement with our earlier rough calculation that the Coulomb collisions should divert an electron significantly in 1 ms. An electron moves about 200 m in 2.56 ms, while it moves only about 5 times farther in 16 times longer as a result of the collisions. (An examination of many of these periods shows that 900 m is roughly typical.) There are two effects on e@t e A. First, the slowing of the progress along the line of sight causes it to be narrower than it would be without the collisions. Second, the changes in direction result in some spreading, or modulation, and so the shape of the e@t e A changes with a greater percentage of the power outside the half-power points.
There is a third effect which can affect the width; this is the drift of the guiding center of the electron from one field line to another. If we get close enough to perpendicular, the narrowing stops and is reversed. E. Kudeki (private communication, 1998) has shown using equations from [Woodman(1967) ] that the broadening occurs only for very small angles, 0.001 , for example. We consider angles greater than 0.1 and so safely ignore this effect.
The output of the first step of the simulation is a time series of velocities; we consider the power spectrum of the component of the velocity along the radar line of sight; we can think of this as a spectrum of velocity fluctuations. In the limit of very weak collisions, the spectrum is very narrow since the velocity changes slowly. Increasing the effects of the collisions causes the velocity to change more quickly, thus increasing the high frequencies in the time series and broadening the spectrum. These changes are the result of the electron changing direction frequently, and it is these changes in direction which slow down the progress of the electron along the radar line of sight and cause the backscatter spectrum to narrow. Let us consider what this spectral shape might be; for example, we can easily solve for the shape of this spectrum in certain cases. If we assume that Langevin's equation applies, meaning that the effect of the collisions is represented by a simple frictional force, then the shape is Lorentzian. This spectral shape also applies at least approximately to various collisional models. The spectral shape for the velocity fluctuations in the case of electron Coulomb collisions in a plasma is somewhat different.
The solid heavy line in Figure 7 , top panel, shows the result of averaging IH S velocity spectral estimates. The dashed line that lies significantly above it at zero frequency is the Lorentzian with width given by the electron ion collision frequency. That is, it is the solution:
3 P C P
of Langevin's equation [Papoulis(1965)] dv@tA dt C v@tA a n@tA (25) where is in this case a collision frequency which determines the width of the solution and n@tA is a random driver described by the amplitude . it gives a way of representing the many weak Coulomb interactions as fewer hard body collisions so that, for example, a frictional approximation has some meaning. This Lorentzian has been normalized so that it has the same area as the expected value of the simulation result. The lower Lorentzian has the same power at zero frequency as the result of the simulation, and it has the same width as the one above, but has been scaled to emphasize the important property of the result of the simulation. Although its half power width is nearly the same as the Lorentzian, the simulation produces a result that has more power at higher frequencies. The bottom panel of Figure 7 shows a wider frequency range to emphasize the difference; it uses a log scale to make the differences the same Lorentzian scaled so that it has the same value as the simulation result at zero frequency. The horizontal axis is frequency (hertz), and the vertical axis is the power density. (bottom) The same except the log of the power density is plotted over a greater range of frequency. visible at the higher frequencies. The spectrum of velocity fluctuations along the radar line of sight for Coulomb collisions is narrower at the center with more power at the higher frequencies than a Lorentzian. Now we consider the effect of the increased power at the higher frequencies in the velocity fluctuations on the incoherent scatter spectrum when the radar looks at various angles close to perpendicular to the field. Suppose we move the viewing angle from some initial position to one further from perpendicular to the field. The spectrum of e@t e A broadens because the electron does not need to move as far for a constant phase change in the radar signal, and so takes less time to do so. The shorter electron path bends less due to collisions unless the collisional effect is increased in such a way as to deflect the electron in less time. This would result from increased high frequencies in the velocity spectrum, and so if we have two velocity spectra, the one with more power in the high frequencies corresponds to an effect on the spectrum further from perpendicular. Figure 8 shows backscatter spectra for various angles to the magnetic field. It is easiest to see the meaning of the four spectra in each panel by looking at the one for one degree from perpendicular. The two spectra with the smallest amplitudes are e@t e A.
The one with the more complicated shape is the result of the simulation while the other is the Gaussian function for the collision-free case. The spectra with the larger amplitudes are the incoherent scatter spectra (ion line) that the radar would see. Equation 1 determines these spectra, and the only difference between the input to the equation in the two cases is the e@t e A. The collisions narrow e@t e A, resulting in an incoherent scatter spectrum that is also significantly narrower. The ACFs corresponding to the incoherent scatter spectra are shown in Figure 9 .
The effect of the Coulomb collisions varies from dominant to nearly negligible over the range of angles shown in the six panels. First, the narrowing is very important at the smaller angles; at 0.25 it is more than a factor of 2, which implies an underestimate of the temperature of more than a factor of 4 if the effect of the collisions is ignored. The effect is much less at 0.5 but still large enough to cause a temperature error of more than a factor of 2. This explains the apparent low temperatures seen in Jicamarca data taken perpendicular or nearly perpendicular to the field with a full beam width on the order of 1 degree.
The other panels show that the effect of the collisions declines with increasing angle. The effect is small at 4 degrees and very small at 6 degrees; the only effect on the spectrum of ignoring collisions would be to introduce a small error in the ratio of e to i . The geometry of the field lines at Jicamarca causes e to be very nearly equal to i in the F region above the region where the solar energy is deposited. However, it would be safest to make measurements intended to verify these predictions at night because then the two temperatures are nearly always equal.
Earlier in the discussion of Figure 7 we concluded that Coulomb collisions would influence the incoherent scatter spectrum farther from perpendicular to the magnetic field than collisions represented by a simple frictional model. We propose the following explanation which we have tested using a simulation. Two conditions are necessary for such an effect to extend very far from perpendicular. The first condition is that the collisional force varies strongly with the speed of an electron. The second condition is that the collisional force changes the speed of an electron slowly. When both these and there is little effect far from perpendicular, even if the first condition is met. Both types of Coulomb collisions meet the first condition, while only electron-ion collisions meet the second. Electron-electron collisions tend to destroy the subpopulations that would exist with only electron-ion collisions, diminishing the effect far from perpendicular, but not eliminating it completely. We can test this explanation by simulating an artificial situation in which electron-ion collisions are present with a damping force with both effects adjustable in magnitude.
Thus we made a new simulation which combines the effects of friction (the Langevin equation) with electron-ion Coulomb collisions. The former is represented by three uncoupled first order linear differential equations, while the latter changes the direction but not the magnitude of the velocity, and so results in terms which couple the three equations together. Varying the relative magnitudes of the two effects resulted in simulations which cover various kinds of damping. We present two of many possibilities. In the first, the effect of the electron-ion collisions is set to zero, and the damping and driver terms in the resulting Langevin equation were set to give a Lorentzian velocity spectrum with the same width as shown earlier. The second used the full effect of the electron-ion collisions, while the damping and driver Langevin terms were set to very small values, large enough to assure that the electron speed changed on a timescale much shorter than the spectral measurement, but small enough so that the electron-ion collisions provide most of the collisional effect.
The top panel of Figure 10 shows the results of the Langevin simulation. The narrower set of spectra are for 0.25 from perpendicular, showing both the e@t e A resulting from the Langevin equation and the Gaussian e@t e A resulting from no collisions of any kind. The effect is very similar to, although somewhat smaller than, that for the same angle in Figure 8 . The wider set of spectra is for 4 from perpendicular;
the result for the Langevin equation is completely indistinguishable from the Gaussian, while the same case in Figure 8 is small but definitely significant. We conclude that the collisional effect as approximated by the Langevin equation does not extend as far from perpendicular as the more complete simulation (Figure 8 ). We further conclude that if we want to use spectra generated with a simple collisional model instead of the complete simulation for the purpose of analyzing data, we would certainly have to make the effective collision frequency a function of the angle to the magnetic field.
Next we look at the second case. The bottom panel of Figure 10 shows the results where the electron-ion collisions dominate. For 0.25 the effect is similar to that in Figure 8 , although somewhat narrower. The effect at 4 in the bottom panel of Figure  10 is perhaps surprising, since it is quite a bit larger than for 4 in Figure 8 . From spectra computed at other angles and levels of damping (not shown), we have verified that the size of the effect is a function of how much damping is used. As the damping approaches zero, the effect of the electron-ion collisions becomes more dominant, and the spectra further from perpendicular become non-Gaussian. However, only power at frequencies very near zero changes; the collisions push energy near zero closer to zero. On the other hand, as the damping is increased, the variation with angle becomes more like that of the Langevin equation.
We conclude that the effect of electron-ion collisions by themselves extends quite a bit farther from perpendicular to the field than the more complete simulation, and we see that the effect of the electron-electron collisions, or any type of collisions which affect the speed of the electrons, is to restrict the angular range of the collisional effect.
In summary, we identified the cause of the problems with the temperature measurements from the Jicamarca F region incoherent scatter data as the effect of Coulomb collisions of the electrons with other electrons and ions. We computed spectra which are much narrower than collision-free spectra at angles very close to perpendicular to the magnetic field, in agreement with observations. At angles somewhat farther from perpendicular these spectra have the correct shape to explain the observed biased e a i ratios. Although these spectra are the result of a numerical simulation, they are very accurate. The high accuracy is the result of two factors. First, there are no approximations in the differential equation involving the diffusion coefficients; that is, the only approximation is the discrete time step used in the numerical solution. Second, the use of a step size which varies with the electron speed results in efficient calculations; normal desk-top computers are fast enough to allow arbitrarily high accuracy in reasonable times. This method is not satisfactory for routine analysis of incoherent scatter data, but it is necessary for checking spectra calculated by faster, approximate methods.
